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Case-matching in exposure-response analysis
Characterization of exposure-response relationships can be challenging in the presence of confounding factors that
affect both pharmacokinetic properties as well as the response.
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In such situations, case-matching has been proposed to select control arm subjects for inclusion in the analysis [1].
In particular, sponsors have been asked to use the relationship between measured covariates and exposure, as
observed in the treatment arm, to match subjects in the lowest exposure quartile to subjects in the control arm.
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Should we expect matched controls to have low exposure if treated?
Suppose that for the population of interest, the joint distribution between predictor Z (e.g., a propensity score) and
exposure when treated E, is described by a standard bivariate normal distribution with correlation ρ; and consider
a treated subject T with covariate-exposure pair (ZT , ET ).

We are interested in the probability that an independent subject C in the control arm with a similar predictor value
ZC ∈ {z : |z − ZT |< δσZ} would have experienced similar exposure, had the subject been treated.
(Note that if Z does represent the propensity score, then δ would typically be referred to as the caliper width [2].)

In particular, we are interested in P (EC ≤Q1|ET ≤Q1), where Q1 represents the first quartile of E.

F(eC , zC , zT , eT ) = F(eC |zC , zT , eT )F(zC |zT , eT )F(zT |eT )F(eT )
= F(eC |zC)F(zC |zT )F(zT |eT )F(eT )

= Φ

�

eC −ρzC
p

1−ρ2

�

min
�

1, [Φ(zC)−Φ(zT −δ)]
+�

Φ(zT +δ)−Φ(zT −δ)
Φ

�

zT −ρeT
p

1−ρ2

�

Φ(eT )

P (EC ≤Q1|ET ≤Q1) = lim
eC ,eT→Q1 zC ,zT→∞

F(eC , zC , zT , eT )
F(eT )

= lim
eC ,eT→Q1 zC ,zT→∞

Φ

�

eC −ρzC
p

1−ρ2

�

min
�

1, [Φ(zC)−Φ(zT −δ)]
+�

Φ(zT +δ)−Φ(zT −δ)
Φ

�

zT −ρeT
p

1−ρ2

�

= lim
z→∞

Φ

�

Q1 −ρ(z + γ)
p

1−ρ2

�

Φ(z + γ)−Φ(z −δ)
Φ(z +δ)−Φ(z −δ)

Φ

�

z −ρQ1
p

1−ρ2

�

where γ= (zC − zT ) ∈ (−δ,+δ). For the extreme cases of ρ = 0 and |ρ|= 1, it can be seen that
P (EC ≤Q1|ET ≤Q1) = Φ(Q1) = 0.25 and 1, respectively. Further, we show by simulation that P (EC ≤Q1|ET ≤Q1)
is an increasing function of |ρ| and a decreasing function of δ.
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While P (EC ≤Q1|ET ≤Q1) is lower than one might expect (except possibly for δ ≤ 0.2 and |ρ| ≥ 0.9), the effective-
ness of case-matching is not typically judged in terms of the similarity of individual matches, but by the similarity
of the groups in aggregate. In particular, case-matching is typically deemed effective if the absolute standardize
difference in means is less than 0.2 for a collection of observed covariates (i.e., ASDM=| x̄Q1

− x̄Matched |/sQ1
≤ 0.2).

Balance of the exposure distributions after matching
We obtain estimates for E(ASDM) and P(ASDM ≤ 0.2) by simulation (using n = 125 for Q1 of the treatment arm)
and see that the distribution of exposure remains unbalanced, except possibly for δ ≤ 0.2 and |ρ| ≥ 0.9.
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To understand the source of this imbalance, consider the density plot in the left panel below, illustrating a negative
correlation between exposure and the propensity score for assignment to Q1 of exposure in the treatment arm.
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A subject in Q1, such as the example indicated by the blue dot, is matched to a subject in the control arm with a
propensity score within the caliper indicated by the blue vertical dashed lines.

It can be seen that the exposure distribution for subjects within the caliper extends beyond Q1, and that if treated,
the matched control would likely have higher exposure than its treated counterpart.

Further, subjects in Q1 are in the upper tail of the propensity score distribution. Thus, the distribution of propensity
scores within the caliper is not uniform, with bias toward lower propensity scores, compounding the problem.

These observations are borne out by the plot in the right panel above which shows that matched controls would
tend to have slightly higher exposure than their counterparts in Q1 of the treatment arm (given the assumption of a
bivariate normal distribution with negative correlation between exposure and the propensity score).

It is further noted that as the sample size increases, P(ASDM ≤ 0.2) will actually decrease as the estimate for the
mean exposure of the matched controls (if treated) converges to its expectation, which is necessarily higher than
E(ET |ET ≤Q1), due to the small bias expected from each match.

To further illustrate that the stratification of exposure is the reason for the bias, we fix n = 125 and δ = 0.2, and
obtain estimates of E(ASDM) and P(ASDM ≤ 0.2) for different subsets of the treatment arm and note the effect.
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Methods for evaluating the effectiveness of case-matching
While case-matching in exposure-response analysis does not ensure balance with respect to exposure, it does identify
a subset of the control arm more similar to the subjects in the treatment arm in the lowest exposure quartile.

Because exposure is unobservable in the control arm, and may have a non-linear relationship with the propensity
score, the correlation between the propensity score and exposure in the treatment arm may be insufficient for
evaluating the effectiveness of case-matching procedures for particular studies.

Therefore, we propose the following two methods for evaluating the effectiveness of case-matching in exposure-
response analyses [3].
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Method #2: Reverse Matching Selected Controls back to the Treatment Arm
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Simulation study for method validation
The validity of these two methods was assessed for several simulated scenarios using various sample sizes, numbers
of continuous covariates and magnitude of correlation between the covariates themselves and with exposure.

For each subject in the treatment and control arms we generate the (p+ 1)× 1 vector
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�

X i0 X i1 · · · X ip

�

consisting of a measure of exposure, X i0 and the p covariates, X i1, . . . , X ip, according to
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fixing σ2 = 0.5 and varying subjects per arm N = 100, 200, 500, covariates p = 5, 10, 20 and ρ = 0.25 . . . 0.99.

Treated subjects in the lowest quartile of the exposure distribution were matched to subjects in the control arm using
a logistic propensity score model [4] that included all covariates. Matches were selected at random from candidates
with propensity scores within a caliper of δ = 0.2 times the standard deviation of the propensity score distribution.

Results
Reverse matching provides unbiased estimates for the proportion of matched controls with low exposure.
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Matching within the treatment arm provides unbiased estimates for the proportion of matched controls with
low exposure when n ≥ 200 per arm. Note that estimates based on matching within a treatment arm of n = 100
are the result of matching the very few (i.e., 12-13) subjects in the lowest exposure quartile of the split treatment arm.
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Matching within the treatment arm provides unbiased estimates of the ASDM for exposure when n≥ 200 per arm.
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Conclusions
In the context of exposure-response analysis, case-matching is increasingly being used to identify a subset of the
control arm similar those in the treatment arm with low exposure. However, case-matching does not ensure that the
matched controls would have similarly low exposure if treated. Therefore, even after adjustment by case-matching,
estimates for the steepness of the exposure-response relationship may remain biased.

The stratification of the exposure distribution prior to matching was shown to be the reason for the residual
imbalance in exposure. Therefore, these results do not imply an expectation of imbalance for unobserved covariates.

Two methods for evaluating the effectiveness of case-matching in the context of exposure-response analysis are
proposed and it is demonstrated that both methods would be useful as part of a case-matching evaluation strategy.

It is recommended that the effectiveness of case-matching be evaluated prior to performing exposure-response anal-
ysis, to ensure that the matching can be expected to result in balanced distributions for exposure.
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