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* How to apply Stan to problems involving PDEs? Stan * Inference of Young’s modulus E from rotation v; of a cantilever beam.

* How to compute Qol sensitivities? | J =v;5(E)+ N(0,02). (10)
Stan Math

e Use E to predict the y displacement v, of another beam.

Method 1: user-defined Stan function

OpenSees libMesh MFEM s=dv/dO, O =E,
e Simple PDE problems(1D or 2D problems on a regular domain). strmemimal medhemios | memeral prrpess light-weight e . . ~
. . . solver finite element solver | | finite element solver M(Q)S(t’ 6) + C(Q)S(t’ 9) t KT(v(t’ 9))S(t’ 6) =
e Example: Stan function for 1D wave equation with wave speed as parameter \ A )\ J OF  9M 9C IR(u(t,6),0)
. . . , s . y Yy
theta, using central difference scheme for space and time. [ Cf;;;;; 99999 | 90 00 v(t,0) - 0 (£,0) - 00 [
real[,] wave_1d(real theta, int n, real|[] u0, real h, int nt, real k) { [ oareor I 100-
real sol[nt, n]J; N 3 o i 90 -
real u[n]; /+ u at time i */ :::j:j _000034885: N 90~ ]
real u_prev[n]; /* u at time i-1 */ | e N ~ E
real u_next[n]; /+ u at time i+1 */ DU ‘g’ 50 § 60 - §
rea]— C ; 0.01181797 0.0001395549 8 8 8 50 )
c = theta * k /| h; /* CFL number is based on wave speed theta x/ [0.005912503 [6.978703e05 “0-
u = u0; u prev[1] = 0; u_prev[n] = 0; /* initial conditions x/ 7.03698-06 191488¢-08 30- 25+
for (j in 2:n-1) u_prev[j] = u[j] + 0.5 = ¢~2 % (u[j+1] - 2xu[j] + ul[j-1]); 0 1 2 3
for (i in 1:nt) {for (j in 2:n-1) u_next[j] = 2 * u[j] - u_prev[j] + ¢*2 % (u[j+1] - 2 %= u[j] + u[j-1]); Figure 1 1 error Figure 2 u* error K[1] 0 . . . 0- = . . . 0- | |
u_next[1] = 0; u_next[n] = 0; /* update boundary conditions x*/ ) ) 26000 28000 30000 0.14 0.15 0.16 0.17 10 11
u_prev = u; sol[i, ] = u; u = u_next; } E rotation y displacement
return sol; } 150- 150-
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. = 100- _ 100 Example 4: heat equation
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Method 2: user-defined external C++ function S N ° - FEM2D_HEAT [Bur];
50 | o
- : : * sensitivity solution: complex step derivative approximation |[LM67 .
 Utilizing Stan interface to external C++ functions. .. : Y P P PP | |
0 | | . | |
dL[ du 0 602 0 (')04 0 0|06 0 608 2.5 3.0 3.5 4.C O.(|)12 O.(I)14 O.(I)16 O.(|)18 0.(I)20 Qo] 1 ©
. : : : : Qol[2] + @)
T L(u,x,t) — o= Au — stan::math::integrate_ode_xxx (1) o 6,:+26, Qol du _, Qol[3] 1 0
— . Qol[4] 1 o
T - V7u(x,t) = f(x,t;0) on [0,1] x [0, 1], Sl d
Qol[6] + O
hod 3: ; £ 1 lib . E le 2: D s fl Uexact = COS(27t) sin(mrx) sin(my)e™?, soig] o °
Method 3: interface to external PDE libraries xample 2: Darcy’s tlow ‘ X SN
J(t;) = u(xg, t;)+ N(0,0°). Qol[l0]{ o | | |
( ) . : 7 -0.5 0.0 0.5 1.0
. e MFEM [mfe]: Raviart-Thomas for # and P, for p. ( \
reaﬂ,} Soive?WitTT?GZEiti\)/%ty(real[] theta); ° Sensitivity SOlution: ﬁnite difference method real (kind = c_double), intent(in) :: theta_r ! parameter
real[,] SZ ve ;e?( l[(]a ah’ . 1t (] Y N real (kind = 8), parameter :: h = 1.D-20; I complex step
real[,] pde_model(rea theta, int need_sens, rea x_r, int[] x_i i 17 -7 - i 1r va complex ( kind = 8 ) :: theta I complex parameter
if(need_sens) k Vi|u — f BN A(k) Bllu — f (8) theta = cmplx(theta_r, h, kind = 8)
return solve with_sensitivity(theta); V O p g BT O p g . L
else - - - - - - - = - - - u_sensitivity = aimag(u)/h I complex step derivative approximation
return solve(theta);}} A ~ ) L )
L Tw(O) = lluy—uglly T =T(0)+N(0,0.012). (9)
Qol = forward_pde(pde_model, k, x r, x_ i);
§ J 1.515 1.904 k[1] Qol[1]
: : / ?
esolve_with_sensitivity: user-supplied function that maps PDE parameter . - What'’s next:
O to quantity of interest (Qol) J(0) = J(u;0) and sensitivity dJ/d6. _ .
, , , . .  Inverse problem using GP emulation [CMMY91| /ROM [ZY18].
e forward_pde : interface function(type conversion, resource management, etc). . . o
* Biomedical applications such as tumor growth [XVG16].
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